Bearing Pressures and Cracks:
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Bearing Pressures Through a Slightly Waved Surface or Through a Ncarly Flat Part of a

Cylinder, and Related Problems of Cracks

By M. M. WES
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derivative and first and second Infegral of Z,
Hguations [2]

= normal stresses and sheaving sbress in the di-
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Farther applications are to a novecircular cylinder rest.
ing o a solid with a flat top, with an initial separation .of
the surfaces varying as the fourth, power of the distance
from. the initial line of contact; to partial contact of
two surfaces which are initially plane, except that one
of them has a vidge or several parallel ridges; and to
gome related problems in which two parts of the same
body are partially separated by the formiog of one or
more cracks,
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ReZ or the imagingry part TmZ of an anslytic function Z of

the complex variable 2 = 2 -} 4y, with Z being written in the
forms i

k i ”

expedient, as done 'by Mae-
5 abress function.
mui 7 are the derivative and frst

In the present applications m is
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and second integrals of Z,
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In s restiricted but important group of cases the normal stresses
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By referring to Bguations [8] it is observed that thess stresses
sutisfy the two conditions of equilibrium of the form

The limitation of this type of solution appears in Hquations
[4] to [6], which require that

v =y ontv,, = 0aby = 0., ....... (8

With deformation in the direction perpendicular, to the x, y-
plane provented, the displacerents £ and 4 in the diregtions of

and y are defined by the formulas {
26 = (1= 2) ReZ ~— yImZ.....\.......[9]
2y = UL p) YInZ o yReZ [10]

For, it is found fhat these displacements define the stresses in
Eayations [4] to [6] through Hooke's law, which can be stated

& form .
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A useful observabion from Baguation [10] is that the value of
paby == 0is

1t is noted, furthermore, that the Airy function defining the
stresses by the equations

bal

In a slive parallel to the 2, y-plane one unit thiek the total vertical
foree transmitted between two points is the ineresse of the deriva-
tive

oF .
L~ o = F e b ylmZ . [15]

between the points. Similarly, the total horizontal force trans-
mitted between two points is the increase of

O [y == yReZ. ... .. e, (16
between the points.
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The semi-infinite solid y = 0, with ¥ positive downward, is
under considerasion. The function

Zomm Pfliz) oo

;;lglmgg(z/m) s MrT,WI‘(.){;(1'/1:) “+ 4 (() -------- :)J (18]
ROZ == Pl (w/D)]/w.oion oo L9

According to Equations [15] and (18], Tv a slive parallel to the
ay-plane and one unit thick the total vertical force transmitted
between § = xand 6 = 0 ig—£L, It is concluded that Tquation
[17] represents the solution of Boussinesg’s problem in two di-
mensions for a normal pressure P concentrated ab 2 = 0. The
familinr foimulas for stresses and displacements are ohtained
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readily by substituting from Bquations [17] and [18] in Bqua-
tions [4], [5], [6], [9], and [10],

Rows or Foncems
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Tiquation [17] suggests consideration of fwo modified funstions
<

... 120)

A £ ! Z £

iy w0k and &y 55 e e
“ 08 re/l) and Z, Lsin (wa/D)
Near z = 0 both approach Z in Hquation (17}, Further inspeo-
tion shows that Z; represents a row of equal pressures Prab gz
=0, # I, = 2, . ..., and Z, represents a row of pressures P af
g o= 0, o 20 =40, .., and nrow of pulls Ptz == sl a8l s fl

«...onthesolid y 2 0. When y becomes great, Z, converges
toward —-P /I, making the stresses in Equations 4] to [6] con-

verge toward a uniform pressure P/I; while Z, converges toward

zero, making the stresses converge toward zero, as they should

under the self-balancing load,
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Thesolid y 2 0 is considered again. As stress function is chosen

l‘ll) "
7= («/(m — 8t - in,...,.,...izi,J
wad |
2P . _
or & e —~ V(0w o gt D) - iy |..[22]
.

Aty = 0 the shearing stress r,, = 0, and the normal shresses,
according to Fquabions [4] and [5], are both egual to ReZ.
Accordingly

vy = ooy m Oaby = 0,0 < —gora >aq..... .. 123]
o, e (0P ) '\/ (@? z%)
by = 0, ——q <y g, ST [24]

BEquations [23] and [24] show that the disgram of pressures on
the surface y = 0 can be drawn ns s half-ellipse betwesn z =
—u and @ = g; oulside there is no load. The total pressure on
the slice one unit thick is 2.

When 2z becomes numerieally great, with y remaining positive,
one may write

VACLEET) e VA Ly ) (1 a¥/22% )
‘ oo [25)

Therefore, Z in Equation [21] converges toward & in Equstion
[17], which represents Boussinesq’s problem.

In the interval —a < 4 < g at ¥ = 0 Equations {12] and
{22] give

4(1 o ,44’)),": d

that is, along the sxis of © there is produced g constant concave
curvabure

oy
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If instead of being initislly flat along the axis of = the sup-
face has an initial convex curvature equal to that in Equation
[27], under the pressures defined by BEquation [24] the surfsce
will be flatitened out and henome plane in the intorval —g < 2 < 4 :
outside this nterval it will be flattened out less.

Tt follows that if two parallel cylinders with radii R are pressed
together by the load P per unit of length, the width 2g of the
strip of dontact will be defined by e in Equation {27], which sgrees
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with Herta's classical solution, With a known, the contact prog-
suren are defined by Equation [24] and the stresses and displace-
ments in the surrounding region by Faustions {21], [4], '[8],
161, 191, and [10].
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e investigantion of the stress function
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Bauation [21] sugpe

+/[sin® (artr /Iy~ sin® (wz/1)] -rv}f i sin (wz/1)}
coe 28]

a5 applying to the solid y 2 0. It is assumed that o < 1/2, By
computing as in Lguation [26], it is found that when y is positive
and grent compared with o, Equation [28] may be reploced
by
A oo g ooob (wzfl) . wee (28]

o
£ ding to the comments on Equations [20], Z in Hyuation
[2v) represents s row of pressures pl with spacing 1 at y o= 0,
and n uniform pressure p at grest values of 9.

At the surface y = 0 one finds in the interval — g < ¢ < g

Zp oos(an/l)

o0*(ra/l) V/ [sin?(wa/1)

~egin® (/D] L. L [B0]

Ref w wm

and in the interval g < 2 < [ e g

B

Oy ooy wm Red e 0, L [31]

The function Z eriodic, and the period is I The values are
repeated in the similar intervals. The strips #l — a < o < nl
+ o are loaded by pressures —- o, defined numerically by Bqus-
tion [30]; the remaining strips are unlosded.

Within the loaded strips of the surface Bouation (28] gives

(202/1)

Over the whole surtace ImZ is antisymmetrical with respect to
the center lines 2 = nl/2 of the strips. By referring to Bquation
[12] it is then found that within the losded strips the deflection
of the surface can be stated as

joloie
B =) o (L Dl [cos(Rnafl) - 1) )
e pe ImZ e -5 ... 83
" E wll sin® (wo/l) ié8}
with the integration constant being the same for all the loaded
slrips.

Assume now that instend of being initially fat the surface is
slightly waved, having the equation

with

Then under the pressures defined by Hquation [80] the ordinates
#o -t o of the deformed surface will be zero within the loaded
strips.  The loaded strips will be flattened out and be contained in
o single plane, A further examination of ImZ as defined by
Tiquation (28] shows that #o -t me will be positive between the
loaded strips.

It is concluded that if another solid of the same material snd
shape is placed in contact with the one considered, 50 that the
axis of = becomes an axis of symmetry, and if thereafter a uni-
form pressure p is produced ab numerically lar ge values of y,
the contact pressures will be as defined by Equation {80); the
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sren of contact through which the pressures are fransmitbed o o %%’ i o
will consist of the strips of width 2a defined by Equation [35]. NERRIINIRR AT
BEoguations [84] and [85] are verified by Equation [27] when o r/

iz small oo edd with £, i
It is noted that the initial separation of the two surfaces, be-
] 4

fore pressure g applied, is {a) s
& == (/21 008(2u/D)] = ¢ s (wa/l), Supe = 0. .. [36] Lﬂwﬂmwiwﬂwj
i )

The econclusions that were drawn sontinue to apply if the two
nearly flat surfaces in contact have s difforent shape, 2 Jong o
the initial separation is defined by Equations [36], T T TTTTYTTTTY
Fig. 1 llustrates this ease. Fig. 2 shows some results obtained
from Equations [30] and [35]. ‘%’W .
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4 in Equation [37] is found to converge toward 7 in Bguation %Mw‘«wmf 4
[17], which represents Boussinesy's problem. Again, at dis- iy ! o ¢ ? k'
tances grent compared with o the stresses are ag in Boussinesq’s ' i : ‘
problem, and the total load on the slice one unit wide i P, T TI T ETTrTTTITTTTTYY
Aty = 0 only the interval —a < 2 < gig loaded; the pressures ¥y, 3 Jonmace Berwany Invmvarny Frar Sumeacms Wy Rrvews
are e, At = 0 the pressure s 8/3« times the Bverage, .
that s, less than the average; the maximum pressure ccours VER kg 34 /;’“i}’%‘“"’g!;’ 44
8t some distance from the center of the Joad. These pressures e
osn be produced by coubact of two solide. The rog 1 initial V8 e
separation s is computed by considering the interval —q < 4 . } ’
< a, Onpe finda : i, |
J ) P i 7 .
u*) 8{1’ e S (89) k] ‘l
darBiat bonititbpon gt i
The lower solid may have s flat top while the upper solid is a &

noneireular oylinder shaped ot the bottom according to a.parabols FTrrFTTIrTToTITTIT S T
of fourth degree. e PSS R e
A Frar Buneacns Wirs One on Mone Ripans Pl
Hig. 8(a) shows two solids with surfaces that are initinll v plang ‘
except for a single ridge on one of the surfaces at o == 0. Under
the pressure p conkact is missing in the ntervals — o < 5 < 0
and 0 < 2 < g, The same situstion may be created by driving

ns
| T,

o plug in between the two surfaces. The stress function : : 7

; . Frg, 4 Ivvsuwan Coacr

E oo g (L g%y, [40]

‘ P vor E . 1 . (ermrmar Crac
reprosents this ease, with the provision that s wniform horizontal Inrmrovaz Crack
tension, for example, o, © may be superposed.  Fig, E1O)] Tig. 4 shows an internal crack which has opened from g ==
shows the distribution of the pressures of contact. The foree P eegto g = g under the influence of an average tension p. The
ah the ridge is found by stating & near 2z = 0 for y » 0 in the funotion
two forme 7 N1 — (b)) (44]
i . » o = R aAe
vvvvvv tpafe = Pl 000 [41] ?

solves the problem. 2 vonverges toward p» when 2 becomes
numerically great. At y = 0 one finds outside the crack the

which gives

The value of o will depend not only on p but slso on the height  fension
« and sharpness of the ridge.
Tig. $(c) shows the related problem of s number of agual paral-

P/ L e [45]

lel vidges with spacing L The ccmwpcmdim.gvfa'l;mm funetion ig and within the length of the crack the opening
4(1 Y
ereaenss. [48] T e S B /(e — 2. . (46]
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which shows the shape of the erack to be elliptic. The concentra-
tion of et 2 g pre subject
to the usual interpretation applicable to singularities. A uni-
form horizontal compressive stress 7 may be superposed without
disturbing the remaining features of the solufion,

Baustion [44] sugpests examination of the function

- p/ \/ 1 Binira/l)

3 o2 (wz /l)”

wrvonnsneann 47

At mumerically great values of y this function convergestownrd p

and defines o uniform tension p. Aty = 0 the function accounts
for a system of cracks, each of length 20, with centers ab o =
O, ==l =20 .. .,
The funetion
A R T T — [48]
wi™% gs in Boguation [44] or [47], aceounts for a crack or a

sy. . of oracks ab y = 0, created by a liquid pressure p in the

oracks as the only load.
Jrack Orunen ny Wanon

Fig, 5(0) shows a erack opened by a wedge exerting pressures P,
The stress functions

3 .
- and 4y
z) Y=z

represent $wo possible solutions, which require different loads
at the outer boundary. Fig. 8(0) and (¢), show the correspond-
g di 3 essen oty = 0. A change of the load on the
outer boundsry may bring about the change from Z, to 7, re-
placing the concentration of tension in Pig. 5(b) by the disgram
of finite compressive stresses in Fig. 5(c), The form of the
Iatter diagram near v == 0, with the vertical tangent at 2 == 0,
should be considered as charng e of brittle materidls, such
ai conerete,’
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6 “Btresses st o Crack, Size of the Crack, and the Beoding of ¥
inforced Conerete,” by . M. Westergaard, Journal Amerioan Con-
or Tngt., MovembopD gr, 1938, or, Proceedings, wvol. 20,
1984, pp. 93102, Contning an soslysis of this feature of cracks.
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An internal erack which has been opened between g = ——g
and z = g by » wedge exerting the pressure P at z = 0 s po-
counted for by the stress function

Zows Paflae/ (@ oDl oo i

This funetion shows concentration of tension ab 2 - , and
yanishing stre at great distances from the erack. Jf an ex-
ternal pressurs is superposed, of the magnitude p defined by
Hgunation [42], Z in Equation [51] will be replaced by £ in Equs.-
tion [40], and the concentration of tension is replaced by moder-
ate compressive shresses.

[51]

Someraping CoMmune
Tt is easy to add further exnmples. Those that have beeo shown
indicate s type of problem to which the method that was used
lendy itself,




